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ABSTRACT
This paper extends the results of an earlier paper on scale invariant galac-
tic spiral magnetic modes to time dependent, scale invariant, spirals. The
examples given are all exact in that they may be described in terms of hy-
pergeometric functions. We restrict the discussion to an infinitely conducting
medium in order to avoid earlier approximation, which limited the solutions
to cones lying within about twenty degrees to the plane. The magnetic disc
spirals, ‘X type” poloidal fields, and the recent discovery of rotation measure
screens in edge-on galactic halos were all recovered in such solutions.
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1 INTRODUCTION
In this article we present analytic solutions for spirally symmetric magnetic spiral arms
based on the assumption of scale invariance in classical dynamo theory. In Henriksen (2017b)
modal solutions for the magnetic field were developed in a steady state although, but for one
analytic example, the results were restricted to lie on cones of large vertex angle (surfaces
close to the disc). Under this approximation the classical dynamo equations were reduced to
homogeneous linear equations for the spiral modes. The condition for a non-trivial solution
provided a relation between the ‘dynamo number’, mode number, scale invariant velocity
field and similarity ‘class’. This allowed for qualitative comparison with observations of
rotation measure (RM) such as those found in Mora Partiarryo (2016), and with face-on
and edge-on magnetic fields (Beck (2015),Krause (2015) .
The assumption of the steady state avoids quenching and growth considerations, but
restricts the kind of solutions available since generation of flux must be strictly balanced by
resistive diffusion and advection. Only one exact solution was offered in Henriksen (2017b)
and this was not extensively developed. In this article we turn to a time dependent, scale
invariant, approach. Such a formulation allows slightly more flexibility in the analytic solu-
tions, while the assumption of temporal scale invariance automatically gives a growing or
decaying magnetic field. This temporal evolution may eventually be compared to present
field strengths and galactic lifetimes, in order to constrain initial galactic field strengths.
The solution is self-similar in time so that the spatial geometry of the field is independent of
epoch. The field strength is not independent of epoch, but it depends only on time dependent
multiplicative constants.
This paper is in the same spirit as a companion paper that treats only axial symmetry
Henriksen, Woodfinden &Irwin (2018) both as a steady state and with time dependence.
In particular, although the data are not yet in an available form that can be fitted by
the methods of this paper, we believe that our examples display common, if not generic,
behaviour in either axial or non axial symmetry.
Although the solutions found in this paper are analytic, they are exact only in that they
may be identified as hypergeometric functions. These yield essentially a series in the arc
tangent of the angle with the plane, which is similar in spirit to the approach in Henriksen
(2017b) and Henriksen (2017). Nevertheless, under quite general conditions the various series
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converge to yield exact solutions and so the magnetic halo may be explored to arbitrarily
large angle with the disc.
Under the assumption of zero resistive diffusion (infinite conductivity), we reduce the
complete scale invariant problem to two equations for the azimuthal components of the vec-
tor potential and the magnetic field. Together these two equations show that the restricted
problem is second order in the azimuthal vector potential. These equations are readily solv-
able numerically for the vector potential in combination. If resistive diffusion is included, the
equations can only be reduced to a fourth order equation in the azimuthal vector potential.
We record this general case for future reference, but work only with the simpler case.
The scale invariant symmetry in all of these papers is taken to extend to the velocity field,
and to the sub-scale resistivity and helicity. This avoids many poorly understood physical
assignments, but it also by-passes halo dynamics at any spatial scale. The ultimate physical
justification lies in any agreement with observed features, as will be noted briefly below.
However, complex interacting systems do often become scale invariant in regions remote
from boundaries, including the initial state (Barenblatt (1996),Henriksen (2015)). This would
restrict the application of our halo fields to regions well away from the galactic bulge, and
from any dominant interaction with the intergalactic medium. For example, although halo
lag might also be scale invariant (e.g. Henriksen&Irwin (2016)) and so compatible with our
model, interactions with other galaxies would not be.
Although restricted physically by the scale invariant assumption, we find that observed
magnetic behaviour as reported in Beck (2015), Krause (2015) and Mora Partiarryo (2016)
is present in these examples. Moreover they produce magnetic field geometries that have
been empirically developed in Ferrie`re & Terral (2014) and inferred for the Milky Way
in Farrar (2015). Our approach is independent of much previous detailed simulation and
theoretical analysis that is based on various physical mechanisms. Many of these agree
with the magnetic geometry deduced here. Some relevant references are Klein& Fletcher
(2015), Blackman (2015), Brandenburg (2014), Moss et al. (2015), Moss&Sokoloff (2008)
and Sokoloff&Shukurov (1990). A wealth of information is becoming available due to the
CHANG-ES project mapping the halos of edge-on galaxies (e.g. Wiegert et al. (2015). This
edge-on data, together with the face-on magnetic spirals (Beck (2015)) and ultimately even
the observations of the Milky Way Haverkorn (2015),Vallee (2017) will either confirm or
infirm the scale invariance.
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2 STEADY DYNAMO MAGNETIC FIELDS WITH ZERO RESISTIVE
DIFFUSION?
One may ask whether scale invariant, steady, solutions exist without resistive diffusion.
This restriction to an infinitely conducting medium allows analytic, non axially symmetric,
solutions to be found (below) with time dependence. However we have found as a general
conclusion that no steady, scale invariant, solutions exist, at least in the absence of global
electric fields. The demonstration follows by writing the steady dynamo equation (equation
(2) with ∂t = 0) with η = 0. The terms that remain are a sum of the convective term, which
is perpendicular to the magnetic field, and of the sub-scale dynamo term, which is parallel to
the magnetic field. Clearly there is no non-trivial solution for the magnetic field that makes
the sum equal to zero.
More formally, if we write the steady equation (2) in terms of the scaled magnetic and
velocity fields when η = 0 (see definitions below), we find that there are no derivatives of
the magnetic field in the resulting three homogeneous equations. Setting the determinant of
these equations equal to zero in order to have a non trivial solution, gives (see the definitions
below)
α¯2d + v¯
2 = 0, (1)
which has no real solution. The conclusion is the same either with or without axial symmetry.
3 SCALE INVARIANT, TIME DEPENDENT, SPIRALLY SYMMETRIC
DYNAMOS
We refer to the classical mean-field dynamo equations Moffat (1978) in the form for the
magnetic vector potential Henriksen (2017b)
∂tA = v ∧∇ ∧A− η∇∧∇ ∧A + αd∇∧A. (2)
In these equations v is the mean velocity, η is the resistive diffusivity and αd is the magnetic
‘helicity’ resulting from sub-scale magnetohydrodynamic turbulence and A is the potential.
We proceed by setting η = 0 so that the medium is infinitely conducting.
Under the assumption of temporal scale invariance, the time dependence will simply be a
power law or (in the limit of zero similarity class) an exponential factor. Hence the geometry
of the magnetic field remains ‘self-similar’ over the time evolution, and we can therefore
study the geometry without requiring a fixed epoch. Although we have no way of bringing
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the dynamo into a finite steady state, the compatible time evolution of αd, ( and η when
that is retained) and v is also given by the scale invariance.
It is important in what follows to observe that the time derivative in equation (2) is taken
at a fixed spatial point. We do not therefore differentiate the unit vectors. This study differs
from that of the axially symmetric case by including a dependence of the magnetic field on
azimuthal angle. This dependence, plus the possible rotation in time of the magnetic field
(e.g. moving magnetic spiral arms), is included through the scale invariant variable Φ to be
defined below. The azimuthal dependence is restricted to be of the spiral form by using the
combined variable κ, which is also defined below.
The scale invariance is found following the technique advocated in Carter&Henriksen
(1991) and Henriksen (2015). We first introduce a time variable T along the scale invariant
direction according to
eαT = 1 + α˜dαt, (3)
where α˜d is a numerical constant that appears in the scale invariant form for the helicity, αd,
which form is to be given below. The constant numerical factor α˜d in equation (3) is purely
for subsequent notational convenience. The quantity α should not be confused with the
helicity as it is an arbitrary scale used in the temporal scaling. The cylindrical coordinates
{r, φ, z} are transformed into scale invariant variables {R,Φ, Z} according to (e.g. Henriksen
(2015))1
r = ReδT , Φ = φ+ (+ q)δT, z = ZeδT , (4)
where δ is another arbitrary scale that appears in the spatial scaling, and  is a number
that fixes the rate of rotation of the magnetic field in time. We add q to the arbitrary 
for subsequent algebraic convenience (see equation (9) below). In our subsequent discussion
1/q > 0 appears as the pitch angle of a spiral mode that is lagging relative to the sense of
increasing angle φ. 2 We note that
eδT = (1 + α˜dαt)
1/a, (5)
where the ‘similarity class’ a ≡ α/δ is a parameter of the model defined as the self-similar
‘class’ Carter&Henriksen (1991), which reflects the Dimensions of a global constant. This is
discussed in some detail in Henriksen, Woodfinden &Irwin (2018), but a simple example is
1 We take spatial variables to be measured in terms of a fiducial Unit such as the radius of the galactic disc.
2 It should be noted that in Henriksen (2017b), q had this roˆle as the normally defined pitch angle with respect to the azimuth.
In our examples tan−1(1/q) is typically tan−1(0.4) ≈ 22◦.
MNRAS 000, 1–21 (2017)
6 R.N. Henriksen, A. Woodfinden, J.A. Irwin
afforded by a global constant GM where G is Newton’s constant and M is some fixed mass.
This is the situation for Keplerian orbits. The space-time Dimensions of GM are L3/T 2 and
after scaling length by eδT and time by eαT , GM scales as e(3δ−2α)T . To hold this invariant
under the scaling we must set α/δ ≡ a = 3/2, which is the ‘Keplerian class’. Note that
this ‘class’ , that is the ratio 3/2 of the powers of spatial scaling to temporal scaling gives
Kepler’s third law, L3 ∝ T 2.
The constant α˜d determines the strength of the sub-scale dynamo.
As is usual in this series of presentations we write the magnetic field as
b =
B√
4piρ
, (6)
so that it has the Dimensions of velocity. Here ρ is not associated with the dynamo and
indeed might have the value 1/(4pi) in cgs Units, but it is completely arbitrary. It may in
fact be absorbed into the multiplicative constants that appear in our solutions.
In temporal scale invariance the variable fields must have the form
A = A¯(R,Φ, Z)e(2−a)δT ,
b = b¯(R,Φ, Z)e(1−a)δT ≡ ∇ ∧A,
v = v¯(R,Φ, Z)e(1−a)δT , (7)
where the barred quantities are the scale invariant fields.
Considering equations (7) and equation (5) we see that the time dependence is generally a
power law in powers of (1+α˜dαt) , where the power is determined by the ‘class’ parameter a.
The time scale is set by the value of 1/(α˜dα). Should α = 0 (which implies a global constant
with the Dimension of time) we find from equation (5) that δT = α˜dδt. the field can then
grow exponentially according to equations (7). The helicity, velocity field and indeed the
diffusivity will grow correspondingly. The time scale is controlled by the value of 1/(α˜dδ),
which may be long.
The helicity arising from the sub-scale αd, and the resistive diffusivity η, must be written
according to their respective Dimensions as
αd = α¯d(R,Φ, Z)e
(1−a)δT ,
η = η¯(R,Φ, Z)e(2−a)T . (8)
We include the diffusivity here in order to indicate the necessary form of the scale invariance
when it is present 3, but we set it equal to zero in the examples of this paper.
3 The general equations with resisitve diffusion are straight forward to find, but they do not concern us here.
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At this stage a substitution of the forms (7) into equations (2) yields three partial dif-
ferential equations in the variables {R,Φ, Z}. Thus, only the time dependence has been
eliminated (e.g. Carter&Henriksen (1991)) through the assumption of temporal scale invari-
ance. However we are seeking non axially symmetric spiral symmetry in the magnetic fields
to match the observations summarized in Beck (2015) and Krause (2015). Any combination
of the scale invariant quantities {R,Φ, Z} will render the barred quantities in equations (7)
scale invariant, so we are free to seek a spiral symmetry by combining them.
We choose a combination inspired by our previous modal analysis Henriksen (2017b).
We assume that the angular dependence may be combined with R in a rotating logarithmic
spiral form as (recalling the definition of Φ from equation (4))
κ ≡ Φ + q lnR ≡ φ+ q ln(r) + T. (9)
Moreover we combine the R and Z dependence into a dependence on the conical angle
through
ζ ≡ Z
R
. (10)
The linearity of equations (2) allows us to seek solutions in the complex form
A¯(R,Φ, Z) = A˜(ζ)eimκ. (11)
On substituting these assumed forms into equation (2) one finds that a solution is possible
in terms of κ and ζ, provided that the ancillary quantities satisfy
α¯d = α˜dδR,
η¯ = η˜δR2, (12)
v¯ = α˜dδR {u, v, w}.
The constant quantities denoted (˜) and the velocity components {u, v, w} are Dimensionless.
Under these conditions the equations (2) become, after setting the resistive diffusion
equal to zero,
KA˜r − imA˜z = (1 + imq)vA˜φ − (1 + ζv)A˜′φ − w(A˜′r + ζA˜′z − imqA˜z),
(K − imv)A˜φ = −u(1 + imq)A˜φ + (ζu− w)A˜′φ + im(wA˜z + uA˜r) + (A˜′r + ζA˜′z − imqA˜z),
imA˜r +KA˜z = (1 + imq)A˜φ + (v − ζ)A˜′φ + u(A˜′r + ζA˜′z − imqA˜z), (13)
Where the prime indicates differentiation with respect to ζ and
K ≡ (2− a) + im(+ v). (14)
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The coherence of these equations (assuming physical solutions) in spirally symmetric, scale
invariant form, already predicts the existence of rotating spiral magnetic dynamo fields.
The magnetic field that follows from the curl of the potential takes the form
b¯ =
b˜
R
e(imκ), (15)
where
b˜ = {imA˜z − A˜′φ, A˜′r + ζA˜′z − imqA˜z, (1 + imq)A˜φ − ζA˜′φ − imA˜r}, (16)
≡ {b˜r, b˜φ, b˜z}
Equations (16),(15), and the second of equations (7) together give the complete time depen-
dent magnetic field.
An examination of equations (13) indicates that one can rewrite equations (13) as one
second order equation for A˜φ. The algebra is however formidable. One effective procedure
is to replace with b˜φ the combination A˜
′
r + ζA˜
′
z − imqA˜z everywhere in equations (13). We
emphasize that the resulting equations do not ‘know’ that this combination of potentials is
in fact the azimuthal field. We might have called the combination X.
Subsequently we use the first and third equations of the set (13) to solve for A˜r and
A˜z in terms of b˜φ, A˜φ and A˜
′
φ. Substituting these expressions for A˜r and A˜z into both the
expression for b˜φ following from the second equation of equations (13) and into the form of
b˜φ in terms of the potentials from equation (16), yields after tedious algebra two equations
for b˜φ and A˜φ in the form
b˜φ(K
2 −m2(1 + u2 + w2)) = (K − imv)[(K2 −m2 + (Ku− imw)(1 + imq))A˜φ
+ ((w − uζ)K + im(u+ wζ))A˜′φ
]
, (17)
b˜φ
(
K2 − m2(1 + qw) + imqKu) + b˜′φ((K − imζ)w − (Kζ + im)u) =
− (K − imv)((1 + ζ2)A˜′′φ − 2imqζA˜′φ + imq(1 + imq)A˜φ) (18)
One must exercise caution in using these two equations. Rather than treating them as two
equations for the quantities A˜φ and b˜φ , the correct procedure is to substitute the first into
the second in order to obtain a second order differential equation for A˜φ. The resulting
equation is rather elaborate, given a general velocity field, so that it is more convenient to
make the substitution after a particular velocity field has been chosen. Hence writing the
two equations as above is in reality an algebraic aide, with the first equation an intermediate
step.
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Subsequently the potentials A˜r and A˜φ can be found from the first and third equations
of (13) in the form
( K −imuw)A˜r − im(1 + w2)A˜z =
[ (1 + imq)(v − uw)− w(K − imv)]A˜φ − [1 + vζ + w(w − uζ)]A˜′φ, (19)
and
im(1 + u2)A˜r + (K + imuw)A˜z = [(1 + imq)(1 + u
2) + u(K − imv)]A˜φ
+ [v − ζ + u(w − uζ)]A˜′φ. (20)
Once again we leave the explicit linear solution for A˜r and A˜z for specific cases of the
velocity field for simplicity in the presentation. Once these are found in terms of the solution
of equation (18) for A˜φ, all of the field components (including the azimuthal component in
terms of A˜r and A˜z) follow from the expressions in equations (16) and (15).
In the next section we give a series of time dependent examples that are of interest
in making comparisons with observations. One apparent simplification allows the vertical
velocity to vary on cones according to w = uζ. This does not change equations ((19),(20)),
or the intermediate equation (17), but the equation (18) for A˜φ adds the term
(K − imζ)u, (21)
to the bracket multiplying b˜φ.
4 EXACT EXAMPLES OF TIME DEPENDENT DYNAMO SPIRAL
MAGNETIC FIELDS
We look at some simple cases that illustrate generic properties. Specific fits to observational
data will require more extensive parameter searches.
4.1 Only Rotation in the Pattern Frame
In Henriksen (2017b) the notion of a uniformly rotating ‘pattern frame’ as the rest frame
of the dynamo magnetic field was introduced. The pattern frame may also be the systemic
frame of the galaxy, in which case the absolute field rotation would be set essentially by
the parameter . Generally we may think of this pattern frame of reference as the pattern
speed of the gravitational spiral arms, and then  measures the rotation of the magnetic
arms relative to this reference frame.
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In our first example we set u = w = 0 and allow the similarity class a to be arbitrary.
Combining the ancillary equation (17) with equation (18) yields the equation for A˜φ in this
case as
(1 + ζ2)A˜′′φ − 2imqζA˜′φ + [K2 −m2 + imq(1 + imq)]A˜φ = 0. (22)
The equations for the remaining potentials follow from equations (19) and (20) in the
form
A˜r(K
2 −m2) = (1 + imq)(Kv + im)A˜φ − [K − imv + ζ(Kv + im)]A˜′φ, (23)
and
A˜z(K
2 −m2) = (1 + imq)(K − imv)A˜φ + [Kv + im− ζ(K − imv)]A˜′φ. (24)
From these the magnetic field follows from equations (16), (15) and the second of (7).
The equation (22) for A˜φ is solved as a function of ζ in terms of associated Legendre
functions. One might think that the fields should also decline with height above the disc.
However at a fixed radius, increasing height implies a decreasing vertex angle measured from
the galactic axis . Consequently a magnetic field increasing with height is actually increasing
towards the minor axis of symmetry of the galaxy, which may be physically relevant.
The boundary condition at the disc must be treated carefully in each example. Currently
equation (22) is invariant under a change of sign in ζ. Hence the ‘cuts’ in the complex plane
required by the associated Legendre functions must be chosen so as to allow this continuity
in the solution. Thus the ‘cut’ should be taken away from the real axis in the range [−1, 1].
Outside of this range the Legendre functions are evaluated as in MAPLE, being continuous
onto the cuts.
The continuity means that the disc boundary condition is ignored (i.e. the solution is
neither symmetric nor anti-symmetric) across the plane). The only boundary condition that
is possible that recognizes the disc is to reflect the solution for ζ > 0 across the plane to
ζ < 0. This must be done while reversing the sign of the magnetic field so that the vertical
field is continuous at the plane. This ensures an anti-symmetric tangential field across the
disc (as was also required in Henriksen (2017b)).
We show a limited sample of the behaviour of these solutions in the figures of this section.
The time is set equal to 1, but this choice is of no importance for the geometrical behaviour
of the magnetic field because the field remains self-similar at all times. The time factor
merely allows us to trace the growth of the field from its value at T = 0. The Units of T
follow from equation (3) once a constant and a time scale are chosen.
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Figure 1. These images are for pure rotation in the pattern frame. The figure at upper left shows the magnetic field at
constant z = 0.25 (the radius of the galaxy is r = 1), where 0.15 ≤ r ≤ 1 and 0 ≤ φ ≤ 2pi. At upper right we show a poloidal
cut through the same magnetic field at an angle of pi/4 to the x axis where 0.2 ≤ r ≤ 1 and 0 ≤ z ≤ 0.5. The parameter vector
for these figures is {v, a,m, q, , C1, C2} where the last two constants multiply each of the independent solutions for A˜φ. The
upper two figures have the parameter vector {1.5, 1, 1, 2.5,−1, 0, 1}. The lower two figures show the magnetic field lines in three
dimensions with the same parameter vectors as for the upper two figures except that a = 1 on the left and a = 2 on the right.
The absolute scaling is higher by a factor ≈ 2 at lower left compared to lower right.
The example at upper left shows spiral arms that are rather poorly defined, being
bounded by strong fields that tend to polarization arms. The length of the vectors is cal-
culated as 1.75 times the ratio of the local field to grid maximum. The plot runs over
0.15 ≤ r ≤ 1 in radius and over 0..2pi in azimuth. At upper right we show a poloidal section
through the same magnetic field as at left. Unlike axially symmetric fields, the spiral field
does not show ‘X type’ behaviour. More typically the field loops over the spiral arm, which
behaviour was also indicated in (Henriksen (2017b)).
The field in three Dimensions in the lower panels of figure (1) also indicates that the
field lines loop over the spiral arms and confirms the global absence of ‘X type’ fields. At
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Figure 2. The parameter vector designates again again the quantities {v, a,m, q, , C1, C2}. The figure shows the rota-
tion measure screen in the first quadrant for the (pattern frame) pure rotation case. On the left the parameter vector is
{1.5, 2, 1, 2.5,−1, 1, 0} and the radius of the galaxy is 1.1 in physical Units or 16.5 in grid Units. On the right we show the RM
screen for the parameter vector {1.5, 1, 1, 2.5,−1, 0, 1}, which is the vector for all of the fields in figure (1), except the image at
lower right of that figure. The signs will change in the second quadrant as they must also change between the first and fourth
and the second and third quadrants. This is true for odd modes as at present with m = 1, but even modes will only have
anti-symmetry across the plane between the first and fourth and second and third quadrants.
large radius the magnetic field tends to be perpendicular to the galactic plane. The image
at lower left is for the same magnetic field as on the image at upper left, while the image
at lower right differs only by having a = 2. We see that the principal effect of the different
choice of ‘class’ (from constant velocity to constant specific angular momentum) is to cause
the magnetic field to decline more rapidly with height above the plane. Moreover, the field
at small radius strengthens with height when a = 1, but is much weaker at small radius
with a = 2. Such sensitivity to a globally conserved quantity will be of interest when fitting
observations.
The rotation measure screen (RM)4 on the right in figure (2) shows sign changes mainly
with height (resulting in ‘parity inversion’ relative to the sign change across the disc, although
there is a considerable change in RM amplitude with radius. The absolute value is subject to
an arbitrary constant factor, but the relative variation is physical. The other quadrants can
be generated by recalling the antisymmetry across the disc and, for odd modes, making the
second and first quadrants antisymmetric. They are symmetric for the even modes. This RM
screen corresponds to three of the images shown in figure (1). There is substantial difference
in detail with the RM screen on the left near the axis, which image has the same parameter
4 The RM screen is the integral of the parallel component of the magnetic field along the line of sight, assuming a uniform
density of relativistic particles.
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set as that at lower right, except that the class is a = 2. As chosen both screens are negative
near the disc, but become weakly positive with height. In the RM screen on the right the
field is strongly positive at height at small radius, but this is no longer the disc region in
most galaxies.
4.2 Only Outflow or Accretion in the Pattern Frame
In this section we restrict ourselves to a = 1 and u = v = 0 in the pattern frame. This
allows us to study outflow from or accretion onto the galactic disc, which is an important
observational question.
The combination of the auxillary equation (17) with (18) now yields (the algebra can
also be carried out directly from equations (13) following the procedure outlined in general
above) for A˜φ
(1 + w2 + ζ2)A˜′′φ + 2(Kw − imqζ)A˜′φ + [K2 −m2(1 + q2)− im(w − q)]A˜φ = 0, (25)
where now
K = K(a = 1; v = 0) ≡ 1 + im. (26)
The equation is not invariant under a change in sign of ζ and w. However we will have to
reflect the solution at ζ > 0 across the equatorial plane (with a sign change) in order to create
a symmetrical relation across the disc. The field is therefore anti-symmetric across the disc,
and even or odd in the second quadrant according as m is even or odd. The solution is given
in terms of hypergeometric functions. We use the MAPLE default cuts in the complex plane
since these are continuous onto the cut from above. There are conditions for the convergence
of the hypergeometric series however, With  < 0 these reduce to ζ2 < 3(1 + w2), which
normally allows the halo to be covered adequately.
The equations for the remaining potentials may be found from equations ((19),(20)) in
the explicit forms
[K2 −m2(1 + w2)]A˜r = [im(1 + w2)(1 + imq)−K2w]A˜φ − (1 + w2)(K + imζ)A˜′φ, (27)
and
[K2 −m2(1 + w2)A˜z = K[1 + imq + imw]A˜φ − [Kζ − im(1 + w2)]A˜′φ. (28)
The dynamo magnetic field now follows from equation (16). We show again some examples
with simple parameter choices in figure (3).
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Figure 3. These images are for the case with only w 6= 0 but positive and a = 1. At upper left the magnetic field vectors are
shown on the conical surface ζ = 0.5r, while at upper right the field vectors are shown on a low vertical cut z = 0.15. The
radius of the galaxy is at r = 1 in these Units. In terms of a parameter vector {m, q, , w, T, C1, C2}, these plots have the vector
{1, 2.5,−1, 2.0, 1, 1, 0}. The radius runs over 0.15 ≤ r ≤ 1 in each case. Vectors are a fraction of the average at each point, with
the maximum vector 0.5 times the average value. The figure at lower left shows different slices in 3D for the same parameter
vector as the previous images, but over the range 0.25 ≤ r ≤ 1. At lower right we show the rotation measure screen in the first
quadrant. The other quadrants may be generated as described in figure (2).
In figure (3) the spirals are much better defined than they were in figure (1), although
they are strongest at small disc radii. There is a tendency towards polarization arms at large
radii leading to rather truncated spiral arms. The magnetic field may appear uniform near
the centre of the galaxy. The spirals will continue in principle, but at finite resolution this
behaviour might be seen as a ‘magnetic bar’ from which the short magnetic spirals begin. Our
examples have the parameter set {m, q, , w, T, C1, C2} = {1, 2.5,−1, 2, 1, 1, 0}over 0.15 ≤
r ≤ 1 and 0 ≤ φ ≤ 2pi. We look at the surface of cones by setting z = 0.5r yielding ζ = 0.5.
The field line structure is very markedly distributed in loops over the arms as in the previous
example. This may be detected in the cube at lower left and is confirmed in figure (4). At
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Figure 4. The closed magnetic field loop at left is for the same parameter set as in previous figures for a = 1 and only w 6= 0.
It begins at {r, φ, z} ={0.5, 0, 0.001} and returns to the plane after looping in the spiral arm. The loop is very close to the
plane with maximum at perhaps 60 pc. The field line on the right is also for the same parameter set but it begins closer to
the centre at {r, φ, z} ={0.25, 0, 0.001}. We see that this line descends (the field line is pointing downwards) from great heights
while crossing over the centre of the galaxy.
small radius the field lines continue to great heights without looping as is seen on the right
in figure (4).
Although the projected field in an edge-on galaxy would be inclined to the disc at mod-
erate radii, the cube at lower left of figure (3) shows the field lines pointing towards the
minor axis rather than away Krause (2015). As above this probably indicates the necessity
of the m = 0 dynamo fields in order to produce ‘X type’ dynamo magnetic fields.
The rotation measure screen is shown in the first quadrant at lower right, but the other
quadrants may be generated by imposing anti-symmetry across the plane and either antisym-
metry or symmetry across the minor axis depending on odd or even modes. The RM changes
sign mainly in radius, which suggests recourse to an m = 0 axially symmetric component to
achieve ‘parity inversion’ with height.
In figure (4) we show on the left a magnetic field line that loops very close to the plane
inside the magnetic spiral. The parameters are the same as for the other figures of this
section. On the right we show a field line starting at smaller radii, but otherwise having the
same set of parameters as elsewhere. The field line is extending to great heights and crosses
over the centre of the galaxy.
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Figure 5. The image at upper left of the figure shows a cut through the halo at z = 0.15. The vertical velocity is −2 so that
there is accretion onto the disc. The other parameters are the same as in figure (3), including the range of radius and a = 1. At
upper right we show the spiral structure on the cone ζ = 0.25r over the same range in radius. Once again the only change is
that the vertical flow is now inflow with w = −2. At lower left we show a poloidal section at φ = pi/4. At lower right we show
the RM screen for accretion (w = −2) with the same parameters otherwise.
The magnetic field is in fact stronger and the spirals are better defined under accretion
(w < 0) Henriksen (2017). This is demonstrated in figure (5).
Figure (5) shows a dramatic improvement of the magnetic spiral structure relative to
the outflow results of figure (3), both at a constant cut in z and on the face of a cone. At
lower left we show a poloidal section at φ = pi/4 for the same accretion parameters. The
field again loops above the disc, crossing over the centre of the galaxy (we have checked that
the field at φ = 5pi/4 has the opposite sign). The projected magnetic field is not ‘X-shaped’.
We have not corrected for the internal Faraday rotation of the locally produced emission in
the presumed projections.
The RM screen for the same accretion case is imaged at lower right of the figure. Although
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Figure 6. The figure shows the RM screen in the first quadrant for the parameter set
{m, q, , w, T, C1, C2}={2, 2.5,−1,−2, 1, 1, 0} in the left panel. The sign change is now more frequent. The right panel
is a cut at z = 0.15 over the radial range {0.1, 1} for the same parameters, except that q = 1.
the amplitudes vary considerably, most of the high halo is of uniform sign. Only near the
plane and near the minor axis is there a strong sign change. Rapid variation in the magnetic
field is also detectable in the poloidal section at lower left of the figure. A detailed RM model
would require assuming the distribution of the relativistic electrons and ideally, performing
RM synthesis (or the equivalent). We are only calculating an RM screen, due solely to the
magnetic field structure while assuming a constant electron density. Should both of these
increase strongly with decreasing radius, our calculation mainly reflects conditions near the
tangent point of the line of sight to a given circle in the disc.
Finally for this case we show in figure (6) on the left panel the RM screen for the same
accretion case as in figure (5), except that m = 2.
The RM screen is more structured because of the increased number of magnetic spiral
arms. They continue from the disc into the halo although much of the activity is at small
ζ (but moderate height). Despite this being rather an arbitrary example, there is some
resemblance to the discovery announced in Schmidt, Partiarroyo& Krause (2016) for the
CHANG-ES galaxy NGC 4631. This type of oscillation in the RM was predicted in Henriksen
(2017b) for modal solutions, and is confirmed here. The lack of resistivity has not changed
this behaviour very much.
On the right hand panel of the figure we show a cut of the same example with accretion,
but with a 45◦ pitch angle. This may be compared to the upper right panel in figure (5)with
pitch angle 68.2◦. Similar behaviour is shown in the lower right panel of figure 1 in Henriksen
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(2017b), but again for pitch angle 68.2◦. Although we have made no attempt at a proper
fit, these figures show a resemblance to the observations of NGC4736 reported in figure 2 of
Chyzy&Buta (2008). The current example is for the class a = 1 with infinite conductivity,
while the example in Henriksen (2017b) contains finite resistive diffusion and is for the
similarity class a = 2. The velocity field, helicity and diffusion(in (Henriksen (2017b))) all
have global variations consistent with the specified a. This particular galaxy is unique only
in that it shows a two-armed mode extending well into the galactic centre independent of
gravitational spirals. Many similar cases of magnetic spiral arms exist Beck (2015), Wiegert
et al. (2015).
It is therefore clear that there exist spiral modes of the dynamo equations that can fill a
galactic disc, as is often observed Beck (2015). This is possible without the direct influence
of the normal gravitational arms, although these can be fitted into the scale invariant picture
to perhaps create the scale invariant velocity field (see appendix in Henriksen (2017b)). But
this is not required for NGC4736. These spiral modes extend into the halo where they will
produce oscillations in the RM on each side of the minor axis. Strong ‘X-type’ magnetic
fields may require the presence of the axially symmetric mode.
Our analysis can not explain the origin of the pitch angle, which remains a parameter
consistent with the scale invariance. Fortunately the general behaviour is not greatly sensitive
to this value. The spiral structure of these examples continues at all scales with varying
amplitude, by construction. However it is likely that magnetic rings or bars would be observed
near the centre of these galaxies given limited resolution. A ring structure is particularly
noticeable at upper left in figure (5) and indeed also at lower right in figure 1 of Henriksen
(2017b). We intend to apply our solutions to such cases in detail in a subsequent study, in
order to extract the most likely set of parameters.
5 CONCLUSIONS
We have only begun with this article to analyze the different possibilities for scale-invariant
spiral magnetic fields. We intend to exhibit the type of calculations we have used on line5,
so that anyone interested may pursue the investigations and comparisons with data. Among
other restrictions, we have only looked at the m = 1 spiral mode. It is nevertheless clear
that:
5 A web site is being prepared, whose location may be found by asking at henriksn@astro.queensu.ca
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1. Disc spiral magnetic fields are ‘lifted’ into the halo on cones, assuming scale invariance.
2. The edge-on projection of these same magnetic spirals typically do not give ‘X type’
magnetic field lines. An axially symmetric mode may be necessary to establish this behaviour.
3. Anti-symmetry of the tangential magnetic field is likely on crossing the disc. Moreover
there is a modal dependence of the symmetry that holds on crossing the minor axis of
the galaxy. Even modes have even symmetry across this axis, while odd modes have odd
symmetry. One must remember that such a spiral magnetic field may coexist with an axially
symmetric magnetic field component. The axially symmetric modes may be either symmetric
or anti-symmetric on crossing the galactic disc with respect to the (line of sight) azimuthal
field Henriksen (2017).
4. The spiral structure can be quite complex in its variation with radius. At smaller radii
there is a tendency for the magnetic spiral to be seen as an apparent ‘ring’ or ‘bar’. Some
magnetic spiral structures are ‘polarization arms’ wherein the field is not necessarily directed
along the spiral. Near the plane the magnetic field frequently loops over the magnetic arms.
On larger scales it can loop over the centre of the galaxy. This is a product of the dynamo
and is not related to the Parker instability.
5. The rotation measure screen (RM) produced by these spiral modes may show sign
changes with height on the same side of the minor axis (‘parity inversion’), but more typically
it does not. This effect seems also to be primarily a property of axially symmetric modes
Henriksen (2017). The symmetry exhibited on crossing the disc will depend on the azimuthal
magnetic field symmetry and hence on the axially symmetric component combined with the
spiral mode structure. Such symmetry is being detected in the CHANG-ES data (e.g. Mora
Partiarryo (2016)), and was already discussed in Henriksen (2017b).
6. The self-similar time dependence is fixed by the presence of a global constant whose
Dimensions determine the scale invariant class a. This has not been studied extensively here,
but it might be integrated into the evolution and conserved properties of the galaxy together
with the corresponding axially symmetric model Henriksen, Woodfinden &Irwin (2018). The
time dependence also allows for a relative rotation between the gravitational spiral arms and
the magnetic spiral arms.
It is left for future work to combine this analysis with a scale invariant treatment of the
halo magnetohydrodynamics. However it is not impossible that the scale invariant form of the
velocity used presently is relevant physically. We know that complex systems tend to become
scale free asymptotically, and this symmetry can be applied to the familiar gravitational
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arms Henriksen (2017b). Moreover assuming scale invariant symmetry for the mean field
is formally consistent with a scale invariant treatment of the sub scale turbulence (e.g.
Henriksen (2015)).
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